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Abstract

It is shown, that the angular distribution of parametric X-ray radiation, emitted near the forward direction is essentially
narrower than that emitted at large angles. The analytical expressions are obtained for integral PXR intensity near the

forward direction.

1. Introduction

As is well known the refraction of the electromagnetic
field associated with the electron passing through the
matter with a uniform velocity originates the Vavilov—
Cherenkov and transition radiations. The Cherenkov emis-
sion of photons by a charged particle occurs whenever the
index of refraction n(w) > 1 (w is the photon frequency).
For X-ray frequencies being higher than typical atom’s
ones the refractive index has an universal form

wi

=1—-—,
n(w) 2 w?

ey
where | is the Langmuir frequency.

But as it was first shown in [1] that the effective
refractive index of virtual photons of the electromagnetic
field of a relativistic charged particle passing through a
crystal can be anyone due to photon diffraction by a
crystal.

As a result, this charged particle can emit Cherenkov
X-rays. The classical [2--4], and quantum theories [5,6] of
this radiation, called as parametric X-ray radiation (PXR),
has been given. Later several theoretical papers were pub-
lished on this problem [7,8].

According to [2,5,6] PXR can be described as diffrac-
tion of virtual photons of the electromagnetic field associ-
ated with a charged particle by a crystal planes. It is very
important that only those photons can really be radiated for
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which the Cherenkov condition is fulfilled
1 —-Bn(w, k) cos =0, 2

where n(w, k) is the refractive index of X-rays in a
crystal, ¥ is the angle between the photon vector k and
the particle velocity v.

The unique properties of PXR such as tunability, high
spectral brightness and possibility of emission at a large
angle greatly exceeding a typical radiation angle of a
relativistic particle y~' (y is the Lorentz-factor of the
particle) make it a potentially useful source of X-rays for
wide variety of applications [6,9]. The predictions [2-6]
for the spectral and angular features of PXR have been
confirmed by [9-12].

However, the detailed analysis has been made for a
large angle radiation only. As a result, it has been con-
cluded in some papers that PXR is radiated only at a large
angle [8,12]. According to [12] PXR is the well-known
resonance radiation [13]. According to [12] there is a new
“PXR of type B’ for low energy electrons, which is not
related to the Cherenkov effect. Note, however, that ac-
cording to the theory of Baryshevsky and Feranchuk [5.6};
each photon with the frequency w, emitted at the large
angle, corresponds to the photon with the same frequency
w, but emitted at a small angle 9 < 1/ near the forward
direction (near velocity direction). The frequency of this
photon does not depend on the particle energy. I would
like to remind that the frequency of the photon emitted due
to the “‘resonance radiation’> mechanism, is proportional
to y2.

It is very important to observe PXR at a small angle
relative to the forward direction, since the PXR observa-
tion in this case will uniquely prove the quasi Cherenkov
mechanism of PXR.
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In this paper we show that the angular distribution
(AD) of PXR photons, emitted in the forward direction is
sufficiently narrower than the AD of PXR beam emitted at
large angles. The analytical expression has been also ob-
tained for the integral PXR intensity in the forward direc-
tion. It is shown, that in this case the PXR intensity does
not depend on a particle energy E, if E>mc?/vn—1,
where m is the particle mass (for X-rays n— 1= 10"~
1079, that corresponds E > 100 MeV). In this case the
number of photons per particle Ny= 107° and Ny=N,,
where N, is the number of photons emitted at a large
angle.

The PXR intensity falls off if the particle energy E <
mc2/vVn— 1. As aresult, for the electron energy E = 5-10
MeV the number of photons N, = 107°-107!! that is
equal to the number of photons emitted at a large angle
within the angle cone O~ vn—-1.

As is well known the spectral density of radiation per
unit solid angle, denoted by W, , (where n=k/k and k
and w are the wave vector and the frequency of emitted
quanta), can be expressed in terms of wave fields E(r, w),
produced by a charge at a large distance r from a crystal
as follows:

cr? )
W, . yym |E(r, w)|". 3)
With the help of Eq. (3) the differential number of
quanta registered by a detector is calculated as

d’N W, o
do dQ o

In order to determine the field E(r, »), one has to
solve the Maxwell equations:

—curl E(r, w) + 028(r, 0)E(r, ®)

i

= ——i(r, 0, ©)
where 8(r, w) =1+ %(r, @) is the tensor of the crystal
permitivity and {(r, ®) is the tensor of the crystal suscep-
tibility, j(r, w) is the Fourier component of current pro-
duced by a moving charge. The transverse solution of (4)
can be found using the Green function satisfying the
following equation:
2

G=Go+G,—%G. 5

0 0 47]_)( (%)
Here éo is the transverse Green functions of Maxwell’s
equations with ¥ = 0.
exp ik|r—r] .,
St P Tl (6)

where [ is the unit tensor, /;, =X ejej", where i, [ =
x, ¥, z; e° is the unit vector of the transverse polarization,
s=1,2,e Lk e Le?Lk.

Golr. 7 0) = —1

With the help of G we can readily find the field of
interest:

iw ) ] .
E(r, o) = 7[@,,@, r,0)i(r, o). (7)

We are interested in the field at a large distance from a
target. Taking r — %, accounting for (5) and choosing the
asymptotic form of G as

exp(ikr)

r

A ~ r

lim Go(r, ¥, w) = exp(—kr')I; k=k—,

r—occ r
(®)

we can write [14];

exp(ikr
XN o e (v, w),

®

where E{ )°* is the solution of homogeneous Maxwell’s
equations

lim G, ,(r, 7, )=
r— o

2
()]
—curl curl E{7(r, 0) + S E{7(r, ®)
(% N
]

+xi £ (r, @) =0. (10)

If a wave is incident on a crystal with a finite thickness
the solution of (10) can be presented as [14]:

exp( —ikr
lim E{Y¥(r, w) =e* exp(ikr) + const¥.

)

We can see that the solution E‘~? contains at infinity
the incoming spherical wave.

The solution E{™ ) is related to the ordinary solution
E{*) of homogeneous Maxwell’s equations (4), describ-
ing a plane wave scattering by a target (crystal), in the
following way: E{ 7" = E{"’, Finally, with the help of
Eq. (7) we obtained:

ikr

e iw
E(r,©)=—— Lei [ESH(F, 0)j(r, w)a*r
roet 5
eikr 1(1) Z E( , 'J d3
= — ) e (Y, w)j(r, w)dr.
roc? S .f % ( )J( )

(12)

The current j(r, w) is expressed as
i(r, @) = [exp(iwn) j(r, 1) dt

= eQ [exp(iwn)p(1)8(r —r(1)) d1, (13)

where eQ is the particle charge, ¢(t) is the particle
velocity.
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As a result, using Eq. (3) we can obtain an expression
for the differential number of photons with the polarization
vector e® emitted in the k direction:

d2N,

5

de d2
e2Q%
41rzhc

2

/ vE{ *(r(t), @) exp(—iw?) dt
(14

2. General expression for the PXR emission rate

Let a particle moving with an uniform velocity be
incident on a crystal plate with the thickness L being
L=< L, where L.=(wg)™'/? is the coherent length of
bremsstrahlung g = 62/4 and 62 is the mean square
angle of multiple scattering. The later requirement allows
us to neglect the multiple scattering of particles on atoms.
In the opposite case the theoretical method can be found
in [4].

According to Eq. (14), in order to determine the num-
ber of quanta emitted by a particle passing through a
crystal plate we should first find the explicit expressions
for the solutions E{™ . As was mentioned above, the field
E{™)% can be found from the relation E{™ ) = (E))* if
one knows the solution E{*)*, describing the photon scat-
tering by a crystal. The solution E{’* can be obtained by
straightforward application of Eq. (10) as well.

Making the Fourier transformation of these equations
we can derive a set of equations matching the incident and
diffracted waves. In the case of two strong waves excited
under diffraction (so-called two-beam diffraction case [15])
we can obtain the following set of equations for determin-
ing wave amplitudes:

k2
(—07— 1 _XO*)El(t-)S_c:XjTEi,—):=O’

k2
C
[0}

(15)

E( ¥—c o x g E{TY =0.

Here k. =k + 7, 7 is the reciprocal lattice vector: x,, X
are the Fourier components of the crystal susceptibility. It
is well known that the crystal is described by a periodic
susceptibility (see, for example, [15]):

x(r) =Y x, exp(irr). (16)
T
c,=e'e], e*(e?) are the unit polarization vectors of the
incident and diffracted waves, respectively.
The condition for the linear system (15) to be solvable
leads to a dispersion equation that determines the possible
wave vectors k in a crystal. These wave vectors are

P {}’v ;.’@aw

g d WHW ; T

J(? /%’7\» L,.A}-zu; .ig,‘,'éfux “3 ane s

convenient to be presented in the form:

X w
= ——8‘”,

k,,=k+x N, % -

s

where =1, 2; N is the unit vector of a normal to the
entrance crystal surface which is directed into a crystal,

%[(1"'31)/\’0_3103]
+%{[(1+B)Xo_ 10‘13_2/\’0]2
+4B8,Cx. x }1/2 TR A * A%y

oy =Qkr+ 72k ? is the off-Bragg parameter (ay =0
if the exact Bragg condition of diffraction is fulfilled),

€12y =

Yo=n,-N, ny=

k+~7
n,=———.
o lk+7|

The general solution of Egs. (10), (15) inside a crystal is:

v;
E{x(n =Y [e‘A# exp(ik,,r)
p=1

+elA., exp(ik“"r)]. (18)

By matching these solutions with the solutions of
Maxwell’s equation for the vacuum area we can find the
explicit form of E{™'*(r) throughout the space. It is
possible to discriminate several types of diffraction geome-
tries, namely, the Laue (a) and the Bragg (b) schemes are
the most well-known.

(a) Let us consider the PXR in the Laue case.

In this case, the electromagnetic waves emitted by a
particle both in the forward and diffracted directions leave
the crystal through the same its surface (k, >0, k,+ 7, >
0, the axis Z is parallel to the normal N (wherc N is the
normal to the crystal surface being directed inside a crys-
tal). By matching the solutions of Maxwell’s equations on
the crystal surfaces with the help of Egs. (15,17,18) one
can obtain the following expression for the Laue case:

2 w
B H- E gree o

p=1

2 @
+e B X &l e”iy_o”“’L]e”‘*’} 0(-2)

2 w
s| 0%  —i L= ikr
+(e Z s € Ty €
p=1

Vv

-

+e ﬁ,[ - —n—» (L—g)l aiks }
XO(L—2)0(z) +e%e™0(z—L), (19)

O e (O
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where substitution

0 _ 282‘“—X0 €, €, k— k., kpx—)kp,-rs’
§ras=F e —2 )’

(825 - 8[:) 0 @ T
s EXpli—e&, LI = v/,
T (20) &
25 2(es, — &y,) where

6(z)=1if z=0and 8(z)=0if z<0.

The substitution of Eq. (19) into (14) gives, for the
Laue case the differential number of quanta of the forward
directed parametric X-rays with the polarization vector e,:

O w
i—e, L
Z p,se Ya e

n=1,2

dNE e’0%w

- (o)’
dwdf2 472k

w — kv
2
, 1)

X
o— kv

where Ti@ is the particle time of flight; e, {[k7];
e, \|[ke ]~

We can see that the formula (21) looks like the formula
which describes the spectral and angular distribution of the
Cherenkov and transition radiations in the matter with the
refraction index n, =k, /k =1+, /k..

The spectral angular distribution for fotons in the
diffraction direction k= k + = can be obtained from (21)
by the simple substitution

1 ) »
o [el(m—k’_”l‘)T _ 1]

e.—e, uO:_)BI 'Z'X,
N
ST

k- k_, ku:—’k.ms=k“_‘+7.

{b) Now let us consider PXR in the Bragg case. In this
case, side by side with electro-magnetic wave emitted in
the forward direction, an electromagnetic wave emitted by
a charged particle in the diffracted direction and leaving
the crystal through the surface of the particle entrance can
be observed. By matching the solutions of Maxwell’s
equations on the crystal surface with the help of Eqgs. (15),
(17) and (18), we can get the formulae for the Bragg
diffraction schemes.

It is interesting that the spectral angular distribution for
photons emitted in the forward direction can be obtained

from (21) by the following substitution, £3 — ¥,

7?(2); = [292(1“ - Xo]

X [(282(1)5 —Xo0) — (280, — Xo)

1
w

Xexp[i;—(az(m— Sx(z):)LH . (22)
)

The spectral angular distribution of photons emitted in
the diffracted direction can be obtained from (21) by the

77(2); = —BI[CJ XT][(ZSZ(I)S - Xo) - (2'5'1(2): - Xo)

=1
)

XCXP[i_(Ezu)s - 31(2):)L” -
Yo

3. PRX intensity in the forward direction

Let us investigate PXR in the forward direction.

First of all we would like to note, that y, <0 and we
can get from Eq. (7) that only one root £, gives the
refractive index n > 0 for the Laue case. As a result, the
difference @ —k,,,0 can now be zero and the term in
(21), containing this difference in its denominator, will
grow proportionally to L. On the other hand, the term in
(21), containing the same difference @ — k,,v but with the
root &,, in its denominator, will not be linear to L
because w — k, v can never be zero. It means that the
term containing the difference w — kv gives the princi-
pal contribution to the radiation intensity if the length
Lo=L/7v,> 1 (where the vacuum coherent length /=
Ay2, A is wave length of the photon). It gives L, > 1072
cm for A = 107% cm and y = 103 However, we must take
into consideration all terms in (21} if Lo~/ So, the
radiation intensity will oscillate as a function of L with the
space period of ly=c/[w(e,, — &;,)).

Let L, > I From (21) we have
2

4Ny, e’Q? )| 282, Xo
=——(e'v) | 77—
do df2 7TﬁC3( ) 2(e,, — &5,)
1
><T5(7+192—2.s“) (23)
and the angular distribution is expressed as:
dNDx
dn
_ ezQz192 sin‘p
The cos%p
Bir?
e -2 2 2o 2 2 2
(r 2+ 02— xo) [ (v 2+ 97— xo) + Bur)]
wgT
) 24
sin? ¢y (24

where wy = 7¢/2 sin ¥y is the frequency of PXR radia-
tion for which ay=0; r,=c¢, x,x_,: ¥y is the Bragg
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angle, ¢ is the azimuth angle between the diffraction plane
and the radiation plane formed by the vectors k& and
v sin? ¢ refers to the photons with the polarization vector
e, ll[k=]; cose refers to the photons with the polarization
vector e, ||[ke,], ¢, = cos 29p.

According to Eq. (24) the photon angular distribution in
the forward direction is proportional to & ~°d®d for 2 >
¥ 2+ |x,| and decreases quicker than that for the pho-
tons emitted in the diffraction direction, which is propor-
tional to &~ 'd+¥.

For the total number of photons emitted in the forward
direction we can obtain from (24):

0% e Ix.x -1
O™ 8hc

T{1 \/(7_2_X0)2+Blrs
sin® Vg b 'Y_2‘Xo

-2 ~2
Y " Xo|T Y TX
+—0(— —arctg——~—0) — 1. (25)

vBlrx 2 VBlrs

According to (25) the number of photons N,, does not
depend on the particle energy if v~ 2 <| Xo! but the
number of photons N,, depends on the energy very sharply

for y=%> Ixol-
In the case of low energy we can obtain from (12):
2
. 62Q2 Bl(CXXTXAT) 4

07 48%hic vy sin?dg el =Y (26)
From Eq. (25) we can obtain Ny, = 107> for x_ = 1073,
ky=wg/c=10° cm™', Ly=10"" cm, T=L;/¢c, v*
<Ixgl, and E =mc?y > mcz/mz 100 MeV.

However, for E= 10 MeV, B, =10 we have y 2>
| xo| and from (26) we can obtain N,, = 10~ !!,

Now let us briefly consider the Bragg scheme. The
angular distribution for the photons emitted at large angles
has been derived in [4]. From Egs. (21),(22) we can obtain
the angular distribution for the photons emitted in the
forward direction:

eZ 2
dN(i=4—ﬁQc!B,| 7,12

X|{(y7 2+ 92— x0) "~ IB.l7,

-2
Xexp[._i ws (v 2+ XO)Z— 1B, rSL]}

2y,¢ YD xo

wgT

% (7~2+ﬁ2_X0)2_ 1B r,
(7_2+‘32_Xo)2

According to Eq. (27) the PXR angular distribution for
this case oscillates as a function of 9, L, wg. If 82 3 72,
Xo the oscillation period is U4, = y/c/wyL,. For kg =
(wp/c)=10° em™!, Ly=L/y,=10"% cm, we have
Yo, =3X107%,

81dd. (27)

sin? O

For low energy electrons oscillations in Np disappear.
As a result, the formula (27) turns to the formula (26) for
the Laue scheme. It is very important to have in mind that
PXR radiation in the forward direction cannot be obtained
in the kinematical theory applied in [8,12]. So, the physics
mechanism of PXR is the same as the quasi-Cherenkov
mechanism of radiation both for the high and the low
energies. Let us notice that the PXR photon number is
proportional to Q2. As a result, the PXR intensity is very
high for heavy nuclei.

For example, for Pb the photon number may be 1 per a
nucleus for L =1 cm. It can be used for the detection of
particles and for the measurement of their energy with a
high accuracy.

Let us discuss the opportunity of experimental observa-
tion of PXR in the forward direction. As was mentioned
above, for high particles energies (E > mcz/\ﬂx—ol > 100
MeV) the number of PXR quanta emitted in the forward
direction is of the same order of magnitude as that in the
diffraction direction. It is now well-known from both the
theory and experimental data [4,6,9—12] that the number of
bremsstrahlung quanta in the vicinity of the peak PXR
emission essentially exceeds the number of bremsstrahlung
quanta for the crystal target with the thickness considered
by us. Consequently, the bremsstrahlung will not interfere
with an observation of PXR in the forward direction. Only
X-ray transition radiation can make difficulties for experi-
mental observation of PXR. However, taking into account
the fact that the transition radiation possesses the spectrum
of (dN/dw) ~ (dw/w) [13] it is easy to obtain [6] that its
intensity in the vicinity of the PXR spectral peak is lower
than the PXR intensity as well (this spectral region is
Aw/w~ V'y_z + |x0| [6].

So, for observation of PXR in the forward direction it is
necessary to use detectors with a high spectral resolution,
for example, a semiconductor detector or a crystal diffrac-
tometer. It permits us to avoid a possible interference of
transition radiation or bremsstrahlung.
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